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Surface critical phenomena and the related onset of Goldstone modes probe the fundamental properties of the
confining flux in Quantum Chromodynamics. New ideas on surface roughening and their implications for lattice
studies of quark confinement are presented. Problems with the oversimplified string description of the Wilson
flux sheet are discussed.
1. The spectrum of the confining flux
A rather comprehensive determination of the
rich energy spectrum of the confined chromoelec-
tric flux between static sources in the fundamen-
tal representation of SU(3)c was reported ear-
lier [1,2] for separations r ranging from 0.1 fm
to 4 fm. The full spectrum is summarized in
Fig. 1 with different characteristic behavior on
two scales separated approximately at r=2 fm.
No string spectrum for r ≤ 2 fm
The Σ+g ground state is the familiar static
quark-antiquark potential which is dominated by
the rather dramatic linearly-rising behavior once
r exceeds about 0.5 fm. Although the empirical
function E
Σ
+
g
(r) = −c/r + σr approximates the
ground state energy very well for r ≥ 0.1 fm, the
fitted constant c = 0.3 has no relation to the run-
ning Coulomb law whose loop expansion breaks
down before r = 0.1 fm separation is reached [4].
Early indoctrination on the popular string in-
terpretation of the confined flux for r ≤ 2 fm
was mostly based on the observed shape of the
Σ+g ground state energy: the linear shape of the
ground state potential for r ≥ 0.5 fm and the ap-
proximate agreement of the curvature shape for
r ≤ 0.5 fm with the ground state Casimir energy
−pi/(12r) of a long confined flux [5]. The excita-
tion spectrum clearly contradicts earlier claims [3]
on the simple string interpretation of the linearly
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Figure 1. Continuum limit extrapolations are
shown for r0[EΓ(r) − EΣ+g (r0)] against r/(2r0)
for ten different states characterized by quantum
numbers Γ . The arrows in the inset show the
locations of the four lowest string modes and the
associated discrepancies in the spectrum (for no-
tations and further discussions, see Refs. [1,2]).
rising confining potential. The gluon excitation
energies lie well below the string predictions and
the level orderings and degeneracies are in violent
disagreement with expectations from a fluctuat-
ing string.
Goldstone modes for r > 2 fm
A feature of any low-energy description of
a fluctuating flux sheet in euclidean space is
the presence of Goldstone excitations associated
with the spontaneously-broken transverse trans-
lational symmetry. These transverse modes have
energy separations above the ground state given
by multiples of pi/r (for fixed ends). The level
orderings and approximate degeneracies of the
gluon energies at large r match, without excep-
tion, those expected of the Goldstone modes.
However, the precise pi/r gap behaviour is not ob-
served. The spectrum is consistent with massive
capillary waves on the surface of the flux sheet,
with a cutoff dependent mass gap. The most
likely explanation for this gap is Peierls-Nabarro
lattice pinning of the confining flux sheet at small
correlation lengths. Our new results [6] on the
same spectrum in SU(2) for D=3,4, and a detailed
test of the strong coupling spectrum in SU(2) for
D=3 lend further support to the above summary
of the earlier findings.
2. Z(2) model at D=3
The purpose of the Z(2) project is to under-
stand flux formation and the string excitation
spectrum from high statistics simulations and
the loop expansion on the analytic side. The
WKB approximation of flux formation in the
sine-Gordon field representation of the monopole
plasma was discussed earlier [7]. The Z(2) model
maps into the Ising model by duality transfor-
mation which was exploited before in the study
of large Wilson loops [8]. By invoking univer-
sality, the critical region of the Z(2) model is
mapped into D=3 Φ4 scalar field theory in the
study of flux formation. The confining flux sheet
of the Wilson loop corresponds to a twisted sur-
face in the Ising representation which is described
by a classical soliton solution of the Φ4 field
equations. Excitations of the flux are given by
the spectrum of the fluctuation operator M =
−∇2 + U′′(Φsoliton) where U(Φ) is the field po-
tential energy of the Φ4 field. The spectrum of
the fluctuation operatorM of the finite surface is
determined from a two-dimensional Schro¨dinger
equation with a potential of finite extent [7]. In
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Figure 2. Flux formation at corr. length ξ ≈ 2
for spatial Wilson loop sizes r=10,20,30.
the limit of asymptotically large surfaces, the
equation becomes separable in the longitudinal
and transverse coordinates. The transverse part
of the spectrum is in close analogy with the quan-
tization of the one-dimensional classical Φ4 soli-
ton. There is always a discrete zero mode in the
spectrum which is enforced by translational in-
variance in the transverse direction. Figs. 2,3,4,5
illustrate some of the results which are consistent
with our findings in QCD.
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Figure 3. Wavefunctions of the excited Z(2) flux
at spatial Wilson loop size r=20 for ξ ≈ 2. The
first two Goldstone modes and a massive intrinsic
excitation are shown.
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Figure 4. Effective mass plot of the string spec-
trum for a very large Wilson loop at ξ ≈ 1/2
before the Peierls-Nabarro gap opens up.
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Figure 5. The Peierls-Nabarro gap (negligible at
large correlation lengths, or inverse glueball mass)
implies pinning and mass generation for the Gold-
stone modes.
